Abstract. Ambrose, Calabi and others have obtained Ricci curvature conditions (weaker than Myers' condition) which ensure the compactness of a complete Riemannian manifold. Using standard index form techniques we relate the problem of finding such Ricci curvature criteria to that of establishing the conjugacy of the scalar Jacobi equation. Using this relationship we obtain a Ricci curvature condition for compactness which is weaker than that of Ambrose and, in fact, which is best among a certain class of conditions. then Af is compact. One of the important features of this result is that the Ricci curvature is not required to be everywhere nonnegative. The author, together with T. Frankel, has applied Ambrose's theorem to certain problems in general relativity (see [4] ).
One of the most well-known results relating the curvature and topology of a complete Riemannian manifold Af is the classical theorem of Myers [8] which states that if the Ricci curvature with respect to unit vectors on Af has a positive lower bound then M is compact. (Myers also gives a diameter estimate in terms of this bound.) In 1957 Ambrose [1] published an interesting generalization of Myers' theorem. He proved that if there is a point q M in such that along each geodesic y: [0, oo ) -» M emanating from q (and parameterized by arc length t) the Ricci curvature satisfies then Af is compact. One of the important features of this result is that the Ricci curvature is not required to be everywhere nonnegative. The author, together with T. Frankel, has applied Ambrose's theorem to certain problems in general relativity (see [4] ).
In this paper we present a general technique for establishing compactness criteria for complete Riemannian manifolds. As an application of this technique we obtain a generalization of Ambrose's theorem, which, with respect to a certain class of curvature conditions, is best. This generalization can be used to improve some of the results in [4] . (See, especially, Theorem 5 and Corollary 6 of that paper.)
We take a moment to introduce some notation and terminology. Throughout, let Af denote a smooth complete Riemannian manifold of dimension n > 2. Let < , > be the Riemannian metric on M and let V be the associated Levi-Civita connection. 
x" + r(t)x = 0, where r(t) is continuous on an interval /, is said to be conjugate on / if there exists a nontrivial solution <b(t) on I which vanishes for at least two values /,, t2 in /. The technique we shall use for establishing compactness criteria is provided by the following lemma (compare [2] ). Lemma 1. Suppose there is a point q in M such that along each geodesic y: [0, oo ) -* M emanating from q (and parameterized by arc length t) the differential equation (1), with r(t) = Ric(dy/dt, dy/dt)/(n -1), is conjugate on [0, oo). Then Af is compact.
Proof. The proof we give combines a lemma of Ambrose together with some standard Morse index theory techniques (see [5, 8] ). In [1] , Ambrose shows that if there is a point q in M such that every geodesic y emanating from q contains a point conjugate to q along y then M is bounded and, hence, compact. Thus, it suffices to establish the existence of a point conjugate to q along each geodesic y: [0, oo) -> M emanating from q.
Since by assumption (1) (1) on [0, oo) has arbitrarily large, and hence infinitely many, zeros.) One such condition is due to Wintner [12, 1949] : if f™ r(t) dt = +<x> then (1) [7] ): if for some a, 0 < X < 1, rtxr(t)dt= +00
•'o then (1) is oscillatory. Roughly speaking, Moore's criterion requires that r(t) behave on the average like a function having order greater than t~2, whereas Wintner's criterion requires r(t) to behave on the average like a function having order greater than or equal to t'x. Consideration of the Euler equation x" + \(t + l)"2x = 0 (with solution x = c,Vf + 1 + c2Vl + 1 ln(f + 1)) shows that Moore's result cannot be improved to include X = 1. Moore's result in conjunction with Lemma 1 yields the following generalization of Ambrose's theorem. holds for some X, 0 < X < 1, where Ric(l) = Ric(dy/dt, dy/dt), then M is compact.
Note that from a slightly different point of view, Theorem 2 gives information about the rate of decay of the Ricci curvature along some geodesic ray at each point of an open (i.e. complete, noncompact) Riemannian manifold.
We now give an example to show that the curvature condition of Theorem 2 cannot be improved to allow X = 1. Let M = R2 and be furnished with the metric (given in polar coordinates r, (?) ds2 = dr2 + G(r)d02 where G(r) is given by r2, 0<r<{, \g(r), \<r<l, r, r>\.
Here, g(r) is any smooth positive function whose graph matches up smoothly with the graph of r2 at r = \ and the graph of r at r = 1. (The definition of G(r) for r < \ ensures that the metric is nonsingular at the origin.) Af, in this metric, is complete and spherically symmetric about the origin. The radial curves are geodesies and r is arc length along them. In this two dimensional example the Ricci curvature reduces to Gaussian curvature K(r), and for r > 1, K(r) = -(I/YO )32VG /dr2 = l/4r2.
Thus, j™ rK(r) dr = + oo, yet Af is noncompact. This example is easily generalized to higher dimensions. If we restrict attention to manifolds having nonnegative Ricci curvature, the curvature condition of Theorem 2 can be weakened as follows. by arc length t).
